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Abstract. Let Go be a simply connected non-compact real simple Lie group with 
maximal compact subgroup Kq. Let Tq C Kq be a maximal torus. Assume that rank(G'o) 
— rank(i4ro) so that Go has discrete series representations. We denote by g,t, and t, 
the complexifications of the Lie algebras go, to and to of Gq^Kq and To respectively. 
Denote by A the root system of g with respect to t. There exists a positive root system 
known as the Borel-de Siebenthal such that there is exactly one non-compact simple root, 
denoted v. We assume that Gq/Kq is not Hermitian. In this case one has a partition 
A = U_2<i<2Ai where a G A belongs to A^ precisely when the coefficient of z/ in a 
when expressed as a sum of simple roots is equal to i. Let G be the simply connected 
complexification of Go. Denote by Lq and Lq, the centralizer in Kq of a certain circle 
subgroup ^0 of To and its image in G (under the homomorphism Go — > G defined 
by the inclusion go ^ g) respectively so that the root system of (To,To) is Ao. Any 
To-representation is regarded as an Lo-representation via p. Let 7 be the highest weight 
of an irreducible representation of Lq such that 7 + Pg is negative on Ai U A2. Here pg 
denotes half the sum of positive roots of g. Then 'y + Pg is the Harish- Chandra parameter 
of a discrete series Tr^+pj, of Go called a Borel-de Siebenthal discrete series. The /^To-finite 
part of TT^+pj, is admissible for a simple factor Ki C Kq. It turns out that Sq C Ki and 
Ki/Li — Kq/Lq is a Hermitian symmetric space where Li = Lq n Ki. One has a 
Hermitian symmetric pair of non-compact type (ifg; -^0) dual to the pair {Kq, Lq). The 
element 7 also determines a holomorphic discrete series T^^+pf of Kq. In this paper we 
address the following question: Does there exist common To-types between the Borel-de 
Siebenthal discrete series tt^+p^ and the holomorphic discrete series ir^+pf ? We settle this 
question completely in the quaternionic case, namely, when 61 = su(2). In the general 
case, affirmative answer is obtained under the following two hypotheses — (i) there exists 
a (non-constant) relative invariant for the prehomogeneous space {Lq,Ui), where Ui is 
the representation of Lq on the normal space at the identity coset for the (holomorphic) 
imbedding Kq/Lq ^ Gq/Lq, and, (ii) the longest element of the Weyl group of Kq 
normalizes Lq. The proof uses, among others, a decomposition theorem of Schmid and 
Littelmann's path model. 



1. Introduction 

Let Go be a simply connected non-compact real simple Lie group and let Ko be a 
maximal compact subgroup of Go- Let To C Kq be a maximal torus. Assume that 
rank(ii'o) =rank(Go) so that Go has discrete series representations. Note that Tq is a 
Cartan subgroup of Go as well. Also the condition rank(i^o)=rank(Go) implies that Kq 
is the fixed point set of a Cartan involution of Go- We shall denote by go, to, and to 
the Lie algebras of Go, Kq, and To respectively and by g, 6, and t the complexifications 
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of Qo,to, and to respectively. Let A be the root system of g with respect to the Cartan 
subalgebra t. Let A"*" be a Borel-de Siebenthal positive system so that the set of simple 
roots \Ef has exactly one non-compact root When Gq/Kq is a Hermitian symmetric 
space, one has a partition A = U_i<j<iAj where a e A belongs to Aj precisely when the 
coefficient n^{a) of in a when expressed as a sum of simple roots is equal to i, and the 
set of compact and non-compact roots of go are Aq and Ai U A_i respectively. If 7 is the 
highest weight of an irreducible representation of Kq such that 7 + is negative on Ai, 
then 7 + Pg is the Harish-Chandra parameter of a holomorphic discrete series ir-y+p^ of Gq. 
The i^o-finite part of is described as Q)n>oE-y S'"(u_i) where is the irreducible 

ii'o-representation with highest weight 7 and u_i = ®aeA^i9a- See |3j and also [13]. 

Assume that Gq/Kq is not a Hermitian symmetric space. This is equivalent to the 
requirement that the centre of Kq is discrete. Then there exists a partition A = U_2<j<2 A, 
where a G A belongs to Aj precisely when the coefficient nv{a) of z/ in a when expressed 
as a sum of simple roots is equal to i\ the set of compact and non-compact roots of go are 
AoU A2UA_2 and AiUA_i respectively. Let G be the simply connected complexification 
of Gq. The inclusion qo ^ Q defines a homomorphism p : Gq — > G. Let Q G G he the 
parabolic subgroup with Lie algebra q = [©u_i ©u_2) where Uj = XlaeAi 0" (—2 < i < 2), 
Qa is the root space for a G A, and 1 = t © uo. Let L be the Levi subgroup of Q; thus 
Lie{L) = I Then Lq := p{Gq) flQ is a real form of L and Lq := p~^{Lq) is the centralizer 
in Kq of a circle subgroup of Tq. 

Note that Gq/Lq is an open orbit of the complex flag manifold G/Q, Kq/Lq is an 
irreducible Hermitian symmetric space of compact type and Gq/Lq — )■ Gq/Kq is a fibre 
bundle projection with fibre Kq/Lq. 

The Borel-de Siebenthal discrete series of Gq, whose study was initiated by 0rsted and 
Wolf [llj, is defined analogously to holomorphic discrete series as follows: Let 7 be the 
highest weight of an irreducible representation Ej of Lq such that 7 + Pg is negative on 
Ai U A2. Here Pg denotes half the sum of positive roots of g. The Borel-de Siebenthal 
discrete series vr^+p^, is the discrete series representation of Go for which the Harish- 
Chandra parameter is 7 + pg. 0rsted and Wolf proved that that the Ko-Hmte part of 
TT^+p^ is in fact i^'i-admissible, where Ki is a certain simple factor of Kq] and described 
the Ko-finite part in terms of the Dolbeault cohomology as (Bm>oH^ {Kq/Lq; E^(g)§™'(u_i)) 
where s = dim^ Kq/Lq, and S™(u_i) denote the holomorphic vector bundles associated 
to the irreducible Lo-module E^ and the m-th symmetric power S"^{u^i) of the irreducible 
Lo-module u_i respectively. 

We regard any Lq representation as an Lo-representation via the covering projection 
p\lo- Any Lo-representation we consider in this paper arises from an Lo-representation 
and so we shall abuse notation and simply write Lo for Lo as well. 

R. Parthasarathy [12] obtained essentially the same description as above in a more 
general context that includes holomorphic and Borel-de Siebenthal discrete series as well 
as certain limits of discrete series representations. We give a brief description of his results 
in the Appendix. 
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Let = n Aq. Then A+ = A([ U Ai U A2. The root system of « is A( = 
Aq U A2 U A_2, and the induced positive system of A{ is obtained as A^ = Aq U A2. 

Let {Kq, Lq) denote the Hermitian symmetric pair dual to the pair {Kq, Lq). The set of 
non-compact roots in A^ equals A2 with respect to the real form Lie{KQ) of t. If 7 + Pg 
is the Harish-Chandra parameter of a Borel-de Siebenthal discrete series vr^+p„ of Gq, 
then the same parameter 7 determines a holomorphic discrete series of Kq with Harish- 
Chandra parameter •y+pt, denoted Tc-y+p^- See §4. It is a natural question to ask which Lq- 
types are common to the Borel-de Siebenthal discrete series vr^+p^ and the corresponding 
holomorphic discrete series vr^+p, . We shall answer this question completely when ti = 
su(2), the so-called quaternionic case. See Theorem ll.li In the non-quaternionic case, 
we obtain complete results assuming that (i) there exists a non-trivial one dimensional 
Lo-subrepresentation in the symmetric algebra S'*(u_i) and (ii) the longest element of the 
Weyl group of Kq preserves Aq. See Theorem 11.21 below. Note that the second condition 
is trivially satisfied in the quaternionic case. The existence of non-trivial one- dimensional 
Lo-submodule in the symmetric algebra 5'*(u_i) greatly simplifies the task of detecting 
occurrence of common Lo-types. The classification of Borel-de Siebenthal positive systems 
for which such one dimensional exist has been carried out by 0rsted and Wolf [HI §4]. 

We now state the main results of this paper. 

Theorem 1.1. We keep the above notations. Suppose that Lie{Ki) = su(2). //go = 
so(4, 1) or sp{l,l — > 1, then there are at most finitely many L^-types common to 
TT^+p^ and vr^+p, . Moreover, if dim = 1 then there are no common L^-types. 

Suppose that qq 7^ so(4, 1) or sp{l, / — 1), / > 1. Then each L^-type in the holomorphic 
discrete series ir-y+pf occurs in the Borel-de Siebenthal discrete series vr^+p^ with infinite 
multiplicity. 

The cases Go = 30(4, 1), Sp{l, I — 1) are exceptional among the quaternionic cases in 
that these are precisely the cases for which prehomogeneous space (i^,ui) has no (non- 
constant) relative invariants — equivalently S'™(u_i),m > 1, has no one- dimensional Lo- 
subrepresentation. In the non-quaternionic case, we have the following result. 

Theorem 1.2. With the above notations, suppose that (i) w^{Ao) = Aq where w'^ is 
the longest element of the Weyl group of Kq, and, (ii) there exists a 1-dimensional Lo- 
submodule in S'™(u_i) for some m > 1. Then there are infinitely many L^-types common 
to TTj+p^ and T^^+pf each of which occurs in vr^+p„ with infinite multiplicity. Moreover, if 
dimE^ = 1, then vr^+pj itself occurs in %+pg with infinite multiplicity. 

We recall, in Proposition 12.41 the Borel-de Siebenthal root orders for which condition 
(ii) of the above theorem holds. We obtain in Proposition 16.21 a criterion for condition (i) 
to hold. For the convenience of the reader we indicate the result in the list §2.2 in the 
non-quaternionic cases. 

The second part of Theorem ll.il is a particular case of Theorem 11.21 (when Lie{Ki) = 
su(2), the common Lo-types are all in vr^+pj. The proof of Theorem 11.11 involves only 



4 



PAMPA PAUL, K. N. RAGHAVAN, AND PARAMESWARAN SANKARAN 



elementary considerations. But the proof of Theorem 11.21 involves much deeper results 
and arguments. 

The existence (or non-existence) of one- dimensional Lo-submodules in ©m>i'S''"(u_i) 
is closely related to the Lo-admissibility of vr^+pj,- Note that Theorem 11.21 implies that, 
under the condition (Aq) = Aq, the restriction of the Borel-de Siebenthal discrete series 
is not Lo-admissible when X]m>o '^'"(^-i) dimensional subrepresentation. When 

ii = su(2) and J2m>o 'S''"(u_i) has no one dimensional submodule, the Borel-de Siebenthal 
discrete series is Lo-admissible. In fact we shall establish the following result. 

Proposition 1.3. Suppose that S'™(u_i) has a one-dimensional Lo-subrepresentation for 
some m > 1, then the Borel-de Siebenthal discrete series vr^+p^ is not L'q- admissible where 
L'q = [Lo,Lo]. The converse holds if ti = su(2). 

We also obtain, in Proposition 16. 3[ a result on the Lq admissibility of the holomorphic 
discrete series n-y+p^ of K^. Note that any holomorphic discrete series representation of 
Kq is Lo-admissible. (It is even Tg-admissible; see, for example [T3]). 

Combining Theorems 11.11 and II. 2[ we see that there are infinitely many Lo-types com- 
mon to vr^+pg and vr^+p, whenever S"'"(u_i) has a one-dimensional Lo-submodule for some 
m > 1 and (Aq) = Aq. We are led to the following questions. 

Questions: Suppose that there exist infinitely many common Lo-types between a Borel- 
de Siebenthal discrete series vr^+p^, of Gq and the holomorphic vr^+pt of Kq. Then (i) 
Does there exist a one-dimensional Lo-subrepresentation in S'™(u_i)? (ii) Is it true that 
w;0(Ao) = Ao? 

We make use of the description of the i^o-finite part of the Borel-de Siebenthal discrete 
series obtained by 0rsted and Wolf, in terms of the Dolbeault cohomology of the flag vari- 
ety Kq/Lq with coefficients in the holomorphic bundle associated to the Lo-represenation 
Ey 5'™(u-_i). This will be recalled in §2. Proof of Theorem 11.21 crucially makes use 
of a result of Schmid [I5] on the decomposition of the Lo-representation S"^{u-2) and 
Littelmann's path model [9], [10]. 

There are three major obstacles in obtaining complete result in the non-quaternionic 
case, namely, (i) the decomposition of S'"'(u_i) into Lo-types Ex, (ii) the decomposition 
of the tensor product E^ ® Ex into irreducible Lo-representations E^, and, (iii) the de- 
composition of the restriction of the irreducible ii'o-representation H^{Kq/ Lq-jK^^) to Lq. 
The latter two problems can, in principle, be solved using the work of Littelmann [9]. The 
problem of detecting occurrence of an infinite family of common Lo-types in the general 
case appears to be intractable. 

We assume familiarity with basic facts concerning symmetric spaces and the theory of 
discrete series representations, referring the reader to [5j and |7]. 
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Go simply connected non-compact real simple Lie group. 

Kq maximal compact subgroup of Gq. 

Tq maximal torus of Kq. 

00, Lie algebras of Go, Kq, Tq respectively. 

0, t, t complexifications of 00, io, to respectively. 

G, K simply connected complex Lie groups with Lie algebras and t respectively. 

A root system of with respect to t. 

A+, ^ Borel-de Siebenthal positive system of Go and the set of simple roots. 

v, II the simple non-compact root and the highest root in A+ respectively. 

Ki the simple ideal in t containing the root space 0^, compact real form of 

contained in and the simple factor of Kq with Lie algebra ii respectively. 

Aj C A roots with coefficient of u equal to i when expressed in terms of simple roots. 

Aq , Aq positive and negative roots in Aq. 

A{ Aq U A2 U A_2, the root system of t. 

A^, ^( U A2 the induced positive system of i and the set of simple roots of 

e the simple root in A^ which is in A2. 

u* fundamental weight of corresponding to e ^. 

e* fundamental weight of i corresponding to e e 

Iq, I the Lie subalgebra of to containing to with root system Aq, and its 
complexification. 

Lq,Lq, L the Lie subgroups of Kq and K with Lie algebras Iq, [Iq, Iq], and [ respectively. 

Kq the real form of K dual to the compact form Kq with respect to Lq. 
longest element of the Weyl group of Kq and Lq. 

Q, q the parabolic subgroup of G with Lie algebra q = [ + u_i + u_2. 

A{E, L) the algebra of relative invariants of a prehomogeneous L-represenation E. 

Y, s the flag variety Kq/Lq — K/K r\Q, s — dime Y. 

X K^/Lq, the non-compact dual of Y. 

Wy the element w'^w^. 

n^+p^ , TT^+p, discrete series representations of Go and Kq with Harish-Chandra 

parameters 7 + Pg, 7 + Pt respectively. 
ttkq the space of ii'o-finite vectors of a Go-representation tt. 

E'k, Vx the irreducible I or Lq (resp. 4 or Kq) representation with highest weight 

K (resp. A). 
Res [Fa restriction of Vx to I 

Uk irreducible su(2)-representation of dimension k + 1. 

the holomorphic vector bundle over Y associated to E,^. 
{71, . . . , 7j.} maximal set of strongly orthogonal non-compact negative roots of Kq. 



2. BoREL-DE Siebenthal discrete series 



In this section we recall a description of the Borel-de Siebenthal series. We shall follow 
the notations of 0rsted and Wolf, which we now recall. 
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2.1. Let go be a real simple non-compact Lie algebra and let io be a maximal compactly 
embedded Lie subalgebra of go with rank go = rank ?o and to semisimple. 

Let to be a Cartan subalgebra of to, which is also a Cartan subalgebra of go. The 
notations Gq, Kq, g, 4, etc. will have the same meaning as in §1. Let A be the root system 
of (g, t), C A be a Borel-de Siebenthal positive system and \Ef the set of simple roots. 
Let a G A be any root and let n^{a) be the coefficient of u (the non-compact simple 
root) when a is expressed as a sum of simple roots. Since 5o is semisimple, one has 
a partition of the set of roots A into subsets Ai,i = 0,±1,±2 where Aj C A defined 
to be {a G A I n^{a) = i}. Denote by fi the highest root; then fi G A2. The set 
A( := Ao U A2 U A_2 is the root system of { with respect to t for which \Ef \ {u} U {— /u} is 
a set of simple roots defining a positive system of roots, namely, Aq U A_2- On the other 
hand {i, t) inherits a positive root system from (g, t), namely, A^^ := Aq U A2. Lemma l?]2] 
brings out the relation between the two. 

The Killing form B : ixt — > C determines a non-degenerate symmetric bilinear pairing 
( , ) : t* X t* — y C which is normalized so that (z/, u) = 2. For any a G t*, denote by Ha G t 
the unique element such that a{H) = B{H,Ha)- Then our normalization requirement is 
that := 2B{Ha,Hp) / B{H^,H^) for all G t*. Let v* G t* be the fundamental 

weight corresponding to v E'^ . 

Now define q := t-|-uo + u_i-|-u_2 where Uj = XloeAi 0"' — 2 < i < 2. Then q is a maximal 
parabolic subalgebra of g that omits the non-compact simple root v. The Levi part of q 
is the Lie subalgebra [ = t -|- uo and the nilradical of q is u_ = u_i + u_2- Note that the 
centre of [ is CH^*. We have that A( := Ao is the root system of 1 with respect to t C [ for 
which \E' \ {z/} is the set of simple roots defining the positive system A^ := Aq . Let 
denote the simple ideal of t that contains the root space g^. It is the complexification of 
the Lie algebra £1 of a compact Lie group Ki which is a simple factor of Kq. It turns out 
that U2, u_2 C li- Let £2 be the ideal of «o such that «o = £1 © «2- We let = «^ n [, j = 1, 2. 
Note that {3 = [2 and so is semisimple. Thus the centre of [ is contained in l^'. 

Let G denote the simply connected complex Lie group with Lie algebra g, Q C G, the 
parabolic subgroup with Lie algebra q. Denote hy K,L <Z G the connected Lie subgroups 
with Lie algebras 4, [ respectively. Let Lq C Kq be the centrahzer of the circle group 
5*,^. := {exp(itify.) I t G M} contained in Kq. Then Kq/Lq is a complex fiag variety which 
is a Hermitian symmetric space. Also [0 C *o is a compact real form of 1. Let Li C Ki be 
the centralizer of S,^* C Ki. Then Li C Lq and Lie{Li) =: [1 is a compact real form of 
[f. Let K2 be the connected Lie subgroup of Kq with Lie algebra £2- Then Kq = KiX K2 
as Kq is simply connected. Also Lq = Li x K2- It will be convenient to set L2 := K2- 

The inclusion go ^ g induces a map Go — > G, which defines smooth maps Gq/Lq C 
G/Q and Kq/Lq C Gq/Lq C G/Q since lo C q. Since dim^^Go/LQ) = dim]K(ui + U2) = 
2dimc{G/Q), we conclude that Gq/Lq is an open domain of the complex fiag variety 
G/Q. Note that one has a fibre bundle projection Gq/Lq — > Gq/Kq with fibre Kq/Lq. 
We shall denote the identity coset of any homogeneous space by o. The holomorphic 
tangent bundles of Kq/Lq and G/Q are the bundles associated to the Lo-modules U2 and 
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ui © U2 respectively since we have the isomorphisms of tangent spaces ToKq/Lq = U2 and 
TqG/Q = ui © u2 of Lo-modules. Hence the normal bundle to the imbedding Kq/Lq 
G/Q is the bundle associated to the representation of Lq on ui. 

Denote by {Kq,Lo) the non-compact Hermitian symmetric pair dual to the compact 
Hermitian symmetric pair {Kq, Lq). A well-known result of Harish- Chandra [51, Ch. VIII] 
is that Kq/Lq is naturally imbedded as a bounded symmetric domain in U2 = To{Kq/Lq), 
the holomorphic tangent space at o of Kq/ Lq. Denote by U±2 C K the image of u±2 under 
the exponential map. Then U2 is an open neighbourhood of o in K / {L.hl-2) — Kq/Lq. 
Thus Kq/ Lq =: X is imbedded in Kq/Lq =: Y as an open complex analytic submanifold. 

We recall the following result due to 0rsted and Wolf [11]. See also [12] and the 
Appendix below. Let 7 be the highest weight of an irreducible finite dimensional complex 
representation of Lq on and suppose that (7 + Pg, a) < for all a G Ai U A2. 

Theorem 2.1. (Parthasarathy [12], 0rsted and Wolf [II]j The KQ-finite part of the Borel- 
de Siehenthal discrete series vr^+p^ is isomorphic to ®m>oH'^{Y;¥.^ ©§™(u_i)) where s = 
dimY and moreover, it is Ki- admissible. 

Since [ = ["j^ © [3 , we have the decomposition 7 = 71 + 72, with 7j G t* where tj = if fl i. 
Also, = E^^ © i?^2. Furthermore H,^* generates the centre of ^ and we have the Levi 
decomposition = [[f , if] + 3(1^) where i{t{) = 3(0 = CH^,. We write 71 = 7' + tu* 
where 7' _L z/*. The assumption that 7 is an [-dominant integral weight and that 7 + Pg 
is negative on positive roots of g complementary to those of ( implies that t is 'sufficiently 
negative'. That is, t is real and it satisfies the conditions (see [TTJ Theorem 2.12]): 

t < -1/2(70 + Ps, /i) and t < -(70 + Po, w°(z/)) (1) 

where 70 := 7 — tu* G [t, l] and denotes the longest element of the Weyl group of ([, t) 
with respect to A/". 

Recall that A^ = Aq U A2 is the positive root system of {i, i) that is compatible with 
the positive root system A"*" of g. It is easily seen that \E'{ := \ {z/} U {e} C A^ is the 
set of simple roots where e is the lowest root in A2 (so that (3 > e for all (3 G A2). @ Also 
\E'[ := \I' n Aq = ^ \ {u} is the set of simple roots of ( for the positive system Aq . It is 
readily verified that \E'(, = u;y(\E' \ {u} U {— p}) where wy = w^w^. The adjoint action of 
Lq on g yields Lo-representations on Ui,i = ±1,±2, which are irreducible. The highest 
(resp. lowest) weights of u_2,u_i, j = 1,2, are — e, —u (resp. — p, w['(— z/)) respectively. 

Let S = {^1, . . . ,^1} be the set of fundamental weights of g with respect to \I' so that 
2{^i,ipj) / {ipj,ipj) = 6ij. (Here 6ij denotes the Kronecker delta.) 

If ^ G A{ is a simple root, the corresponding fundamental weight will be denoted i/)*. 
If ipi is a compact simple root of qq, it should be noted that in general ipi 6- 

In conformity with the notations of [ll|, we shall denote by u* the weight where 
u = ipig G (Since z/ ^ \E'( there is no danger of confusion.) 

^The decomposition of 7 = 70 + tv* used in [11] Theorem 2.12] is different. 
20rsted and Wolf [U] denote by *t the set * \ {i/} U {-fi}. 
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Lemma 2.2. With the above notations, suppose that v = ipi^ and e = ^aiipi G A2. 
Then: (i) e* = ||e|pz/74 and ip* = - QiWipiW^u* /ij ^ iq. 
(ii) Wy(A+ U A_2) = A+ U A2, ^( = wy{^ \ {p} U {-/i}). 

(Hi) IfX e i*, then A = X' + au* where a = (A, z/*)/||z/*|p and A' G (tn [[,[])* = {u*}-^. 
(iv) The sum X]/3eA2 ~ '"^^^^^ c = s||e*|p/2||e|p (with s = \A2\) is an integer. 

Proof. We will only prove (iv), the proofs of the remaining parts being straightforward. 

Observe that if ii^ is a finite dimensional representation of [, then the sum A of all 
weights of E, counted with multiplicity, is a multiple of e*. This follows from the fact 
that the top-exterior A'^^^^^^E) is a one dimensional representation of [ isomorphic to 
Ca- Applying this to U2, we obtain that ^/3gA2 /3 = ce*. Clearly c is an integer since the 
/3 are roots of t and so ^^g^^ weight lattice. □ 

Example: Consider the group Gq = Sp{2, 1). The non-compact root in the Bourbaki root 
order of sp(3,C) is u = ^^2- Also Kq = Sp{2) x Sp{l),Ki = Sp{2),Li = U{2),L2 = 

K2 = Sp{l),A+ = {4ji,^3},Ai = {^2,^1 + ^2,^1 + ^2 + ^3,V'2 + V'3},A2 = {/i = 

2tjji + 2il)2 + V'3,V'i + 2'?/'2 + ^3,2V'2 + i>'i = e}- Furthermore, = {ijji^ips, e} where 
0^3, e) = 0, (^1, e) = -2, and, ipl = ^1, V'g = 6 - 6 and e* = v* . Finally c = 3. 

Remark 2.3. (i) The parity of c will be relevant for our purposes. We give an inter- 
pretation of it in terms of the existence of spin structures on Y . The cohomology group 
H'^{Y]'L) is naturally isomorphic to Z[e*] = Z, the quotient of the weight lattice of Kq 
by the weight lattice of Lq. If A is an integral weight of Kq its class in H'^{Y]'L) is 
denoted by [A]. Thus [A] = 2((A, e)/||e|p)[e*]. The holomorphic tangent bundle TY is 
the bundle associated to the Lo-representation U2 = S/3gA2 S/?- This implies that ci(F), 
first Chern class of F, equals ^^^^jl''^] ~ '^[^*] ^ H'^iY^'L). Consequently Y admits a 
spin structure if and only if c is even. The value of c can be exphcitly computed. (See, 
for example, [H §16].) This leads to the following conclusion. The complex Grassmann 
variety CGp(C^+^) = SU {j> + q) / S{U {p) x U{q)) admits a spin structure if and only iip + q 
is even and that the complex quadric 5*0(2 + p) / S0{2) x SO{p) admits a spin structure 
precisely when p is even. The orthogonal Grassmann variety S0{2p)/U{p) admits a spin 
structure for all p. The symplectic Grassmann variety Sp{p)/U{p) admits a spin structure 
if and only if p is odd. The Hermitian symmetric spaces EQ/{Spin{10) x 5*0(2)) and 
Ey/{Eq X 5*0(2)) admit spin structures. 

(ii) The highest weight of any irreducible Lo-submodule of E^ ® 5*™(u_i) is of the form 
7 + where is a weight of 5*™'(u_i). Thus = ai + ■ ■ ■ + for suitable in A„i 
(not necessarily distinct). Now if a G A_i and /3 G A2, then /3 — a is not a root. Hence 
(a, 13) <0 for all a G A_i, /3 G A2. It follows that (7 + p„ l3) < {-f + p^, /3) and (0, /3) < 
for all /3 G A2. Since (7 + Pg,/3) < for all /3 G A2, therefore (7 + P(,/3) < and 
(7 + + P{,/3) < for all /3 G A2. Hence, by the Borel-Weil-Bott theorem, the highest 
weight of H^{Y] E^+t/,) equals wyipf + + pt) — Pi- We shall make use of this remark in 
the sequel without explicit reference to it. 
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2.2. Classification of Borel-de Siebenthal root orders. The complete classification 
of Borel-de Siebenthal root orders is given in pTl §3]. For the convenience of the reader 
we recall here, in brief, their classification. We list the quaternionic and non-quaternionic 
cases separaterly. 

Let go be a non-compact real simple Lie algebra satisfying the conditions of 12.11 Having 
fixed a fundamental Cartan subalgebra to C go! a positive root system of (0,t) containing 
exactly one non-compact simple root u, is Borel-de Siebenthal if the coefficient of u in 
the highest root is 2. Conversely, let g be a complex simple Lie algebra. Choose a Cartan 
subalgebra i C g and a positive root system of (0,t). If there exists a simple root z/ 
whose coefficient in the highest root is 2, then u determines uniquely (up to an inner 
automorphism) a non-compact real form go of g satisfying the conditions of 12. II such that 
the positive system is a Borel-de Siebenthal positive system of go- 
lf \Ef is the set of simple roots of a Borel-de Siebenthal positive system of go and i/ G \E' 
is the unique non-compact root, we denote the Borel-de Siebenthal root order by (\E', u). 
Corresponding to go, we can have several Borel-de Siebenthal root orders. Given one such, 
we have its negative (— \E', — i^). We list below the Borel-de Siebenthal root orders up to 
sign changes. 

The quaternionic case is characterized by the property that highest root fi is orthogonal 
to all the compact simple roots and hence —fi is adjacent to the simple non-compact root 
u in the extended Dynkin diagram of g. 

As in [11], we shall follow Bourbaki's notation j2] in labeling the simple roots of g. We 
point out the simple root which is non-compact for go and the compact Lie subalgebras 
h,h,h = h h- We also point out, based on Proposition 12.41 below, whether the algebra 
A := v4(ui, L) of relative invariants is C or C[/]. In the latter case we indicate the value 
of deg(/). The reader is referred to [11] for a more detailed analysis. 

We also indicate the non-compact dual Hermitian symmetric space X := Y* . In the non- 
quaternionic cases we point out whether or not w'^^Aq) = —Aq (equivalently Wf{e) = — e). 
For a proof see Proposition 16.21 below. 

Borel-de Siebenthal root orders. 

(a) Quaternionic type: We have h = su(2), h = so(2) = iRu*. Also Y = F^. X = Y* = 
SU{1, l)/f/(l), the unit disk in C. The condition W{(e) = — e is trivially vahd. 



(1) go = so(4,2/-3),/ > 2. Then g is of type Si and z/ = ^2- h = sp(l)©so(2/-3). A = 
C[/],deg(/)=4. 

(2) go = so(4, 1). Then g is of type B2, v = ^/'2, (2 = sp(l). ^ = C. 

(3) go = sp(l, / — 1), / > 1. Then g is of type Ci, v = ipi, I2 = sp(/ — 1). ^ = C. 
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(4) 00 = so(4, 21 - 4), Z > 4. Q is of type A, = V'2, h = 5p(l) © so(2Z - 4). ^ = 
C[/],deg(/) = 4. 

(5) 0o=so(4,4). 0isoftypeD4, i^ = ^2,t2 =sp(l)©sp(l)©sp(l)- ^ = C[/], deg(/) = 
4. 

(6) 00 = fl2;Ai,Ai, the split real form of the exceptional Lie algebra of type 6*2. g — 
92, y = h = 5p(l). A = C[/], deg(/) = 4. 

(7) 00 = f4;yii,C3) the split real form of the exceptional Lie algebra of type F4. = 
f4, V = W, (2 = sp(3). A = C[/], deg(/) = 4. 

(8) 00 = f6;Ai,A5,2- = the exceptional Lie algebra, u — ip2,h — su(6). A — 
C[/],deg(/) = 4. 

(9) 00 = e7;Ai,D6,i- = e7,i^ = V'i,b =50(12). ^ = C[/],deg(/) =4. 

(10) 00 = CS;Ai,Er- 9 = ^8,1^ = ^8, f = ^7- A= C[/], deg(/) = 4. 

(b) Non-quaternionic type: 

(1) 00 = so(2p, 2/ - 2p + 1), 2 < p < /, / > 3. is of type Bi, v = ijjp, li = so(2p), (i = 
u{p), l2 = so(2/ -2p+ 1). The variety Y = S0{2p) /U{p), X = ,S0*(2p)/t/(p). 

(e) = — e if and only if p is even. ^ = C[/] (with deg(/) = 2p) if and only if 
3p <2l + l. 

(2) 00 = so(2/, 1), Z > 2. is of type Bi, v = ipi, to = £i = so(2/), li = u(/). The variety 
Y = S0{2l)/U{l),X = SO* {21) /U {I). w°(e) = -e if and only if / is even. ^ = C. 

(3) 00 = sp(p, / - p), / > 2, 1 < p < is of type Q, v = ipp, «i = sp(p), ii = u(p), b = 
5p(Z -p), and y = Sp{p)/U(p),X = ,Sp(p, M)/C/(p). w°(e) = -e. ^ = C[/], (with 
<ieg(/) = p) if and only if 3p < 21 and p even. 

(4) 00 = so(2/ - 4, 4), / > 4. is of type A, = i'i-2, h = so(2/ - 4), [i = u(/ - 2), [2 = 
su(2) © su(2). The variety Y = S0{21 - A)/U{1 - 2),X = S0*{21 - A)/U{1 - 
2). w°(e) = -e if and only if / is even. ^ = C if / > 6. When / = 5, 6, ^ = C[/] 
with deg(/) = 6, 8 respectively. 

(5) 00 = 5o(2p, 2/ — 2p), 2 < p < / — 2, / > 5. is of type Di, v = ipp, Ji = so(2p), li = 
U{p), I2 = so{2l - 2p). Y = S0{2p)/U{p),X = S0*{2p)/U{p). w;°(e) = -e if and 
only if p is even. A — C[/] (with deg(/) = 2p) if and only if 3p < 21. 
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(6) 00 = f4;B4, the real form of f4 having — so(9) as a maximal compactly embed- 
ded subalgebra. z/ = ^4 and = h,h = i^i^* © so(7). Y = SO{9)/{SO{7) x 
^0(2)), X = ^Oo(2,7)/(SO(2) X ^0(7)). w%e) = -e. A = C[/],deg(/) = 2. 

(7) flo = e6;Ai,A5,i, a real form of ce with z/ = t/^s. ti = su(6), li = su(5)©i]Ri/*, [2 = su(2). 
Y = F^,X = SU{1, 5)/S{U{l) X U{5)). w;°(e) -e. ^ = C. 

(8) 00 = e7;Ai,D6,2, a real form of with z/ = V'e- *i = so(12), li = so(lO) © iRu*, I2 = 
sp(l). Y = SO{12)/SO{2) X 50(10), X = S0o(2, 10)/(^O(2) x SO{10)). ^^(e) = 
-e. ^ = C. 

(9) 00 = ^7;A7, a real form of with u = ip2- *o = *i = su(8), [1 = su(7) © iRu*. The 
variety r = P^X = 5?7(1, 7)/5(?7(l) x f/(7)). ti;°(e) ^ -e. ^ = C[/], deg(/) = 7. 

(10) 00 = e8;i?8! ^ ^^^^ form of eg with ^ = 1^1. to = *i = so(16), ti = zMz/* © so(14). 
r = SO{16)/SO{2) X S0(14),X = SOo(2,14)/(SO(2) x 50(14)). w;°(e) = -e. 
^ = C[/],deg(/)=8. 

2.3. Relative invariants of (ui,L). The action of L = Lq on ui is known to have a 
Zariski dense orbit. It follows that the coordinate ring C[ui] = S'*(u_i) has no non- 
constant invariant functions, that is, C[ui]^ = C. However, it is possible that ui has 
non-zero relative invariants, that is, an h E C[ui] such that x.h = x{x)h,x G L, for some 
rational character x '■ L — > C*. It can be seen that the subalgebra A{ui,L) C C[ui] of 
all relative invariants is either C or is a polynomial algebra C[/] for a suitable (non-zero) 
homogeneous polynomial function / G C[ui]. It is clear that a homogeneous function h 
belongs to A{ui,L) if and only if Ch is an L-submodule of S'™(u_i) where m = deg{h). 
0rsted and Wolf [Hj determined when ^(ui, L) is a polynomial algebra C[/] and described 
in such cases the generator / in detail. See also [H]. 

Proposition 2.4. Let A"*" be a Borel-de Siebenthal positive system of (0, t) listed above. 
If BO = so(4, l),sp(l,/ - l){with I > 1), e6;Ai,yi5,i, e7;yii,D6,2,0o = so{2p,r) with p > r > 1, 
00 = 5p{p, q) where p > 2q > or p is odd, then A{ui, L) = C In all the remaining cases 
A{ui,L) = C[f], a polynomial algebra where deg(/) > 0. □ 

In the case when qq = so(2/, 1), or sp(l,/ — 1), the L^-representation S''"(u_i) is irre- 
ducible for all m> 0. 

Proof. Only the irreducibility of the Lo-module S'"*(u_i) when 00 = so(2/, 1), sp(l, / — 1) 
needs to be established as the remaining assertions have already been established in |1T1 
§4]. 

When 00 = so(2/, 1), = SU{1) and u_i, as an Lp-representation, is isomorphic to the 
standard representation. Hence S''"(u_i) is irreducible as an Lg-module — consequently as 
an Lg-module — for all m. 



12 



PAMPA PAUL, K. N. RAGHAVAN, AND PARAMESWARAN SANKARAN 



When go = sp(l, / — I), Lq = Sp{l — 1). Again u_i, as an LQ-representation, is isomorphic 
to the standard representation of Sp{l — 1) (of dimension 21 — 2). Using the Weyl dimension 
formula, it follows that for any m > 1, ^"(u-i) is irreducible as Lg-module and hence as 
an Lg-module. □ 

Remark 2.5. The centre Cifj.. C [ acts via the character p = — | |e| pe*/(4| |e*| p) 
on the irreducible [-representation u_i and hence by — |e| pe*/(4| |e*| p) on 5''^(u_i) for all 
k. Suppose that A{ui,L) = C[f] where / e ^'=(u_i) with deg(/) = k > 0. Let Eg,, = Cf 
be the one- dimensional subrepresentation of S''^'(u_i). Then q = — |e| p/(4| |e*| p). 

When 00 = sp{p, I — p) , 2 < p < 2{l — p) with p even, it turns out that k = deg(/) = p 
from [m §4]. In this case ||e|p = 4, e* = u* and ||e*|p = p. Hence q = —1. 

When 00 = f4,B4, k = deg(/) = 2 from [HI §4]. In view of our normalization ||z/|p = 2, 
using [21 Planche VIII], a straightforward calculation leads to ||e*|p = = 2, ||e|p = 4 

and so g = —1. 

It follows from Remark \KR that when Y does not admit a spin structure and ^(ui, L) = 
C[/], the value of q is odd. 

In fact it turns out that in all the remaining cases for which A{ui,L) = C[f], the 
number q is even. In view of Remark I2.3( i) we interpret this as follows: Denote by /Cy 
the canonical bundle of Y and let E denote the line bundle over Y determined by the 
Lo-representation E := Cf. Then the line bundle /Cy ® E always admits a square root, 
that is, /Cy E = £ (g) £ for a (necessarily unique) line bundle C over Y. 

3. Lo-ADMISSIBILITY OF THE BOREL-DE SlEBENTHAL DISCRETE SERIES 

We begin by establishing the following proposition which implies that there is no loss 
of generality in confining our discussion throughout to the i^'o-finite part of the Borel-de 
Siebenthal series rather than the discrete series itself when the Kq- finite part is Lq- 
admissible. 

Let Kq be a maximal compact subgroup of a connected semisimple Lie group Go with 
finite centre and let vr be a unitary Ko-admissible representation of Go on a separable 
complex Hilbert space "H. Denote by T-Lkq the i^'g-finite vectors of "H and by the 
restriction of n to Tixo- Thus T-Lko is dense in Ti. 

Proposition 3.1. Suppose that is Lo-admissible where Lq is a closed subgroup of Kq. 
Then any finite dimensional LQ-subrepresentation of-K is contained in Hkq- -^''^ particular, 
vr is Lq- admissible. 

Proof. To see this, suppose that G "H is contained in an irreducible (finite dimensional) 
Lo-submodule of T-L. Then J2i<i<m Ci7r(xi)fo = v for some Lo-highest weight vector vq 
of weight, say. A, for suitable Xi G Lo,Cj G C. Let {vj} be an orthonormal basis of Ti 
consisting of Lg-weight vectors, obtained by taking union of certain orthonormal bases 
of Lo-isotypic components of T-Lkq- Write vq = J^j^j'^j- It is readily seen that aj is zero 
unless Vj is an L^-highest weight vector of weight A. This means that Vq belongs to the 
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Lo-isotypic component of t^Kq having highest weight A. Since tikq is Lo-admissible, it 
follows that vq G 1-Lko- Hence v G I-Lko- ^ 

For the rest of this section we keep the notations of §2. Any irreducible finite dimen- 
sional complex representation E of Lq = LiX L2 is isomorphic to a tensor product Ei®E2 
where Ej is an irreducible representation of Lj,j = 1,2. In particular, if Ei is one di- 
mensional, then it is trivial as an L'^ representation and Li acts on Ei via a character 
X '■ Li/L'i — y S^. If E2 one dimensional, then it is trivial as an L2-representation. 

Applying this observation to S^{u-i) we see that one-dimensional Lo-subrepresentations 
of 5''^(u_i) are all of the form C/i where h G S^{u-i) a weight vector which is invariant 
under the action of L'^ x L2. That is, /i is a relative invariant of (ui, L). If G ^^(u-i) is 
a relative invariant, then so is for any j > 1. If X = X]aeA_i "^a^i > is the weight 
of a relative invariant /i, then, as Lq acts trivially on C/i, we see that x is a multiple of 
v*. 

When ^1 = su(2) we have Li = Let vr be a representation of Gq on a separable 
Hilbert space "H. For example, vr is a Borel-de Siebenthal representation. We have the 
following: 

Lemma 3.2. Suppose that vr is Ki- admissible where h = su(2). Then vr is Lo-admissible 
if and only if tt is L2- admissible. 

Proof. We need only prove that Lq admissibility of vr implies the L2 admissibility. Note 
that Lq = L2. Assume that vr is not L2 admissible. Say ii^ is a L2 type which occurs 
in TT with infinite multiplicity. In view of Proposition 13.11 and since Lq = L2, the L2- 
type E actually occurs in tckq with infinite multiplicity. Then, denoting the irreducible 
ii'i-representation of dimension d + 1 hj Ud, we deduce from ii"i-admissibility of vr that 
the irreducible ii'o-representations Ud^ ® E occurs in vr where (dj) is a strictly increasing 
sequence of natural numbers. Without loss of generality we assume that all the dj are of 
same parity. Notice that Uc as an Li-module, is a submodule of Ud, if c < d and c = d 
mod 2. It follows that the Lo-type Ud^ ® E occurs in every summand of ®j>iUdj ® E. 
Thus TT is not Lo-admissible. □ 

Proof of Proposition [Ol " Let h G S^{u^i) be a relative invariant for (ui, L) with weight 
X = rv* . Denote by C the holomorphic line bundle Kq Xl^ Ch — > Kq/Lq = Y. Then 
C = ¥.^ and so C^^ = '^-y+jx is a subbundle of the bundle §-''^(u_i) for all j > 1. 
Hence the ii'o-module H^(Y; E^+j^) occurs in the Borel-de Siebenthal discrete series vr^+p„ • 
The lowest weight of the ii'o-module H'^iY; E^+j,^) is if°(7 + jx + Pt) — w^Pt = w'^ilo) + 
(tz/* +jrz/*) + ^^g^^ a where x = ■ As observed above, Ylae^-z'^ ~ 2su* /\\u*\\'^ . Since 
V* is in the centre of I, the irreducible Lq representation with lowest weight ^['(70), namely 
i^^o, occurs in H^(Y; E^+j^) for all j > 1. It follows that n-y+p^ is not Lg-admissible. 

It remains to prove the converse assuming = su(2). We shall suppose that vr^+p^, is 
not Lp-admissible and that S'™(u_i) has no one-dimensional Lg-submodules and arrive 
at a contradiction. By Lemma 13. 2[ vr^+p„ is not Lg-admissible. By Proposition 13. H 
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the A'o-finite part of Tr^+p^ is not Lo-admissible. In view of Proposition 12.41 we have 
go = so(4, 1) or sp(l,/ — 1) and the Lo-module S'™'(u_i) is irreducible for all m. The 
highest weight of S'™(u_i) as an L2-niodule is m{—v — au*) where au* is the character by 
which Li = Lq/L2 = acts on u_i. 

Now/fi(pi;E^®§™(u_i)) = ifi(pi;E(i+^,),,®E_„™,,®E^J = iJi(pi; E(t+„,),.)® 
E_mv-mau* ® E^o as a Ki X L2-module. Since the i^'g-finite part of vr^+p^, is not Lq- 
admissible, there exist a b and an L2-dominant integral weight A such that the Lg-type 
E = Ef,^* ®Ex occurs in H^(f'^]'E(^t+ma)u*) ® E^mv-mau* ® E-y^ for infinitely many distinct 
values of m. This implies that Ex occurs in E_mu-mau* ® -£'70 for infinitely many values 
of m. The highest weights of L2-types occurring in E^mu-mav* ® E^^ are all of the form 
—mi' — mav* — Km where Km is a weight of E^^ . Thus A = — mz/ — mau* — Km for infinitely 
many m. Since i^^^ is finite dimensional, it follows that for some weight k of E^^, we have 
A + K = — mz/ — mau* for infinitely many values of m, which is absurd. □ 



4. HOLOMORPHIC DISCRETE SERIES ASSOCIATED TO A BOREL-DE SlEBENTHAL 

DISCRETE SERIES 

We keep the notations of §2. Recall that Kq/Lq is an irreducible compact Hermitian 
symmetric space. Let Kq be the dual of Ko in K with respect to Lq so that Kq/Lq 
is the non-compact irreducible Hermitian symmetric space dual to Kq/Lq. Note that 
t = Lic^Kq) C and that i C [ is a Cartan subalgebra of t. The sets of compact 
and non-compact roots of (Lie(-K'o), to) are Ao and A2 U A_2 respectively. The unique 
non-compact simple root of \E'{ is e G A2. 

Since the centralizer of £,11^* in t equals [, the group Kq admits holomorphic discrete 
series. See [7], Theorem 6.6, Chapter VI]. The positive system A^ is a Borel-de Siebenthal 
root order for Kq. 

Let 7 + Pg be the Harish-Chandra parameter for a Borel-de Siebenthal discrete series of 
Go- Thus 7 is the highest weight of an irreducible Lo-representation and (7 + Pg, /3) < 
for all /3 G Ai U A2. Clearly (7 + p{,a) > for all positive compact roots a G Aq . 
We claim that {•y + p^, (3) < for all positive non-compact roots /3 G A2. To see this, 
let f3i G Ai,i = 1,2. Observe that f3i + (32 is not a root and so (/3i,/32) > 0. It follows 
that (p„/32) = (p, - l/2E/3,eA,/3i,/32) = {p„ ~ 1/2 E/3,eA, (/^i, /^s) < (p^/^s). So 
(7 + p(, /3) < (7 + Pg, /3) < for all (3 G A2. Thus, by [7, Theorem 6.6, Ch. VI], 7 + P( 
is the Harish-Chandra parameter for a holomorphic discrete series vr^+p^ of Kq, which is 
naturally associated to the Borel-de Siebenthal discrete series vr^+p^, of Go- 

The Lo-finite part of ir^+p, equals E^^S* {u-2), where E^ is the irreducible Lo-representation 
with highest weight 7. Write 7 = A + k where A and k are dominant weights of I^' and 
[2 respectively. We have E^ = E\ ® E^,. Hence (vr^+pjig = E^ {Ex S'*(u_2)) = 
Ek®{jx+p c)lii where nx+p ^ is the holomorphic discrete series of Kl with Harish-Chandra 
parameter A -|- p^c. Here Kl is the Lie subgroup of Kq dual to Ki. 
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5. Common Lq-types in the quaternionic case 

We now focus on the quaternionic case, namely, when Lie{Ki) = su(2). This case is 
characterized by the property that — /i is connected to u in the extended Dynkin diagram 
of 0. In this case A2 = {fi},Li = S\Y = F\L2 = [Lo,Lo], and, [' = [(, l] = l^. 
Also, since both fi and u* are orthogonal to (2 , yU is a non-zero multiple of u*. Write 
fi = dv* . Since fi = 21/ + P where /3 is a linear combinations of roots of Ig, we obtain 
I P = d{h'*, fi) = d{h'*, 2v) = (i| |z^| P = 2(i as I |z/| p = 2. Since s^{fi) = fi — du is a. root and 
since n — Su is not a root, we must have ci = 1 or 2. For example, when go = so(4, 21 — 3) 
or the split real form of the exceptional Lie algebra Q2, we have d = 1, whereas when 
go = sp(l, / — 1), we have d = 2. 

Clearly = g^ © CHf, © g_^ = s[(2,C). The fundamental weight of «^ equals /i* : = 
fi/2 = dv* /2. We shall denote by Uk the {k + l)-dimensional t^'-niodule with highest 
weight /c/i* = dkv* /2. Also, denotes the one dimenional ["p-module corresponding to a 
character x ^ C'^*- 

Let 7 = 7o + tJ^* where 70 is a dominant integral weight of [' = (2 and t satisfies the 
'sufficiently negative' condition (1). We have the following lemma. 

Lemma 5.1. Suppose that ti = su(2), 7 = 70+tz/* where 70 is a \' -dominant weight. Then 
t satisfies the 'sufficient negativity' condition (1) if and only if the following inequalities 
hold: 

t < -^(|Ai| + 2), andt< -(70, u;{'(z/)) - (l/2)(^ a,| H 
where w['(z/) = ^aiipi is the highest root in Ai. 

Proof. Since 70 is a dominant integral weight of (' = [3 and since = dv* is orthogonal to 
, we have (70, /i) = 0. Since Pg = (1/2) EaGA+ we get (pg, p) = (c?/2)(EaeA+("' ^*) + 
EaeAi("''^*) + EaeA2("''^*)) = (^/2) ( I Ai | + 2 1 A2 1 ) , since (a, z/*) = i{v,v*) = i whenever 
a G /S.i,i = 0,1,2. Since IA2I = 1, we have t < — (l/2)(7o + Pg,p) if and only if 
t<-(rf/4)(|Ai|+2). 

Now w^i^u) = ^ajipj is the highest weight of ui, which is indeed the highest root in 
Ai. Therefore (pg,w['(z/)) = — ( V2)(X] '^d P)- This completes the 

proof. □ 

Proof of Theorem Write u_i = Ei ® E2 where Ei is an irreducible Lj-module. By 
our hypothesis Li = §^ = {exp(iAif^)|A G R} and so Ei is 1-dimensional, given by the 
character — z/*/||z/*|p = — p*. On the other hand, the highest weight of E2 is — (z/ — p*). 
Hence E2 = E^*^^. Since Ei is one dimensional, we have S'"'(u_i) = C_m^. © S"^{Efj_*^^). 
On the other hand u_2 is 1-dimensional and is isomorphic as an Lo-module to = C_2^t* • 
Therefore S"^(u_2) = C^2m^l*■ 

The vector bundle E over Y = Ki/Li associated to any L2 representation space E is 
clearly isomorphic to the product bundle Y xE — > Y. Therefore the bundle E^©S™'(u_i) 
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over F = PMs isomorphic to ¥.(2t/d-m)^l* ® E^o ® S"^{Ef,*^^). It follows that H\Y; Ej (g) 
§™(u_i)) = H\Y; E(2,/,„„)^,) ® E^, ® = U^2t/d+n.-2 ® ® '^'"(^,.*-.)- By 

Theorem 12.11 we conclude that 

m—2t/d—2) 

We now turn to the description of the holomorphic discrete series vr^+p^ of = 

KIK2. Recall from [13] the following description of the holomorphic discrete series of 

Kl determined by tv* = {2t/d)fx*, namely, {n(^2t/d)tM-+p c)li = ©r>oC(2t/d)M* ® 'S"'(u_.2) = 

'1 

©r>o*C(2t/(i-2r)p* • It follows that the holomorphic discrete series of determined by 7 is 

{tTj+pJlo = ©■r>oC(2i/d-2r)At* ® Ejg. (3) 

Comparing (2) and (3) we observe that there exists an Lo-type common to (tt^+pJxq 
and vr^+p, if and only if the following two conditions hold: 

(a) E^Q occurs in E^^ ® S"^{E^*_^). 

(b) Assuming that (a) holds for some m > 0, {2t/d — 2r)jj* occurs as a weight in Um-2t/d-2 
for some r, that is, 2t / d — 2r = {m — 2t / d — 2) — 2i for some < i < {m — 2t/d — 2). 

First suppose that go = so(4, 1) or sp(l,/ — 1),/ > 1. In view of Proposition 11.31 and 
Proposition 13.11 the Borel-de Siebenthal discrete series vr^+p^, is Lo-admissible and any 
Lo-type in 7r^+p^ is contained in (tt^+pJ^o- Also S™-{E^*^y) is irreducible with highest 
weight m(/i* — v) (see Proposition 12. 4p . Recall that the highest weights of irreducible sub 
representations which occur in a tensor product Ex^E^ of two irreducible representations 
of [3 are all of the form 9 + n where 6' is a weight of Ex. So if (a) holds, then 70 = 
m(yU* — z/) + ^, for some weight 9 of E^^^. This implies 7o — 6' = m{^* — u), which holds 
for atmost finitely many m since the number of weights of E^^^ is finite. So by (a), there 
are atmost finitely many Lo-types common to vr^+p^, and Tr^+p, . 

Moreover, if 70 = 0, then the trivial Lo-representation E^^^ occurs in E^^ S"^(E^*^^) = 
Em{pi*-v) only when m = 0. Since 2t/d-2r < 2t/d < 2t/d + 2 for all r > 0, {2t/d-2r)fi* 
cannot be a weight of U-2t/d-2 for all r > 0. So in view of (a) and (b), there are no 
common Lo-types between vr^+p^, and vr^+pp . 

Now suppose that go 7^ -50(4, l),sp(l, / — 1), / > 1. In view of Proposition [231 we see that 
A{ui,L) = C[f], where / is a relative invariant (hence is a homogeneous polynomial) of 
positive degree, say of degree k. Then the trivial module is a sub module of the Lg-module 
S^^{Ef,,_^) for all j > 0. So E^^ occurs in E^^ O 5^'^(Ep._^) for all j > 0. That is (a) 
holds. 

Let r be a non negative integer. Then {2t/d — 2r)/i* is a weight of Ujk~2t/d-2 for some 
j > if and only if 2t/d - 2r = {jk - 2t/d - 2) - 2i for some < i < (jA; - 2t/d - 2) if 
and only if jk is even and jk > 2{r + 1). 

So in view of (a) and (b), each Lo-type in vr^+p, occurs in vr^+pj, with infinite multiplicity. 
This completes the proof. □ 
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6. A THEOREM OF SCHMID 

Let {Kq, Lq) be a Hermitian symmetric pair of compact type where Kq is simply con- 
nected and simple. Fix a maximal torus Tq C Lq. In this section we describe a result 
of Schmid on the decomposition of the symmetric power of the isotropy representation 
of Lq (on the tangent space at the identity coset o G Kq/Lq =: Y). Let Kq denote the 
dual of Kq with respect to Lq. We shall denote the maximal compact subgroup of Kq 
corresponding to Lze(Lo) by the same symbol Lq. Thus {Kq, Lq) is the non-compact dual 
of {Ko,Lq) and X := Kq/Lq is the non-compact Hermitian symmetric space dual to Y. 

To conform to the notations of §2, we shall denote the set of roots of ? = fg with respect 
to the Cartan subalgebra i = tg by A{, the set of positive (respectively negative) non- 
compact roots of a Borel-de Siebenthal positive system of Kq by A2 (respectively A_2) 
and the holomorphic tangent space at o by U2 = X]agA2 '^-^a, which affords the isotropy 
representation. The highest weight of the cotangent space u_2 at o is — e, where e is the 
simple non-compact root of Kq. 

Recall, from [5], Ch. VIII], that two roots a,/? G A_2 are called strongly orthogonal if 
a + /3, a — /3 are not roots of I. Since sum of two non-compact positive roots is never a 
root and their difference is, if at all, a compact root; a, /3 G A_2 are strongly orthogonal 
if and only if they are orthogonal, that is, (a, /3) = 0. Let F C A_2 be a maximal 
set of strongly orthogonal roots. The cardinality of F equals the rank of X, that is, the 
maximum dimension of a Euclidean space that can be imbedded in X as a totally geodesic 
submanifold. 

6.1. We now consider a specific maximal set F C A_2 of strongly orthogonal roots whose 
elements 71, . . . , 7^ are inductively defined as follows. Fix an ordering of the simple roots 
and consider the induced lexicographic ordering on A{. Now let 71 := — e, the highest root 
in A_2- Having defined 71, ... , 7^, let 7^+1 be the highest root in A_2 which is orthogonal 
to 7j, l<i<i. 

Denote by the irreducible Lo-representation with highest weight 7. We have the 
following decomposition theorem due to Schmid [15], which is a far reaching generalization 
of the fact that the symmetric power of the defining representation of the special unitary 
group is irreducible. See [H Theorem 10.25]. 

Theorem 6.1. (Schmid [15jj With the above notations, one has the decomposition 5'™(u_2) 
as an Lo-representation 

S'"'(u_2) = ©-Eai7i+---+ar7r 

where the sum is over all partitions ai > ■ ■ ■ > > of m. □ 

Let e* be the fundamental weight corresponding to e and 3* be the dual space of 3(. 
Note that jj' = Ce*. Hence is one dimensional precisely when 7 = ke* for some 
integer k. Now we see from the above theorem that S"^{u-2) admits a 1-dimensional 
Lo-subrepresentation precisely when there exists non negative integers oi > ■ ■ ■ > > 
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such that ^tti'ji = coe* for some constant cq. The first part of the following proposition 
gives a criterion for this to happen. 

Proposition 6.2. (i) Let T = {71, . . . , 7^} be the maximal set of strongly orthogonal roots 
obtained as above. Let denote the longest element of the Weyl group of Suppose 
that Wf{—e) = e. Then J^KiKr'^i ~ ~2e*. Conversely, if Ylii<i<r'^i'~1i '^^ ^ non-zero 
multiple of e* where G Z, then ai = aj VI <i,j < r, and, w^{e) = — e. 

(a) Moreover, for any 1 < j < r, if the coefficient of a compact simple root a of i in 
the expression of ^^^^^■'-ji is non-zero, then X]i<j<j7« orthogonal to a (without any 
assumption on w^). 

Proof. Our proof involves a straightforward verification using the classification of irre- 
ducible Hermitian symmetric pairs of non-compact type. See O §6, Ch. X]. We follow 
the labelling conventions of Bourbaki |2l Planches I- VII] and make use of the descrip- 
tion of the root system, especially in cases E-III and E-VII. Note that —w^ induces an 
automorphism of the Dynkin diagram of t. In particular, —Wf{e) = e when the Dynkin 
diagram of Kq admits no symmetries. 

Case A IIL (Jq, [q) = (su(p, g),s(u(p) x u{q))),p < q. The simple roots are ipi = Ei — ^j+i, 
l<i<p + q — 1. If p + q > 2, then —w^ induces the order 2 automorphism of the 
Dynkin diagram of t, which is of type Ap^g^i. Thus —Wf^ipj) = ipp+q-j in any case. The 
simple non-compact root is e = ipp = Ep — ^p+i, all other simple roots are compact roots. 
Therefore —w^lipp) = ipp if and only if p = q. On the other hand, the set of negative 
non-compact roots A_2 = {^j l<'^<P<j<P + g} and T = {7^ := Ep+j —Ep^j+i \ 

l<j<p}- ffp = q, then Ei<j<p7j = Ei<j<g^P+i " Ei<j<p^P-j+i- Using the fact that 
^i<i<P+q^i = 0' we see that J2i<j<plj = -2(Ei<j<p^i) = -2e* if P = q. 

For the converse part, assume that "^jdj'jj = me*,m ^ 0. It is evident when p < q 
that '^aj'-fj is not a multiple of e* (since Ep+q does not occur in the sum). Since the 
7j; 1 < J < P, are linearly independent, the uniqueness of the expression of e* as a linear 
combination of the 7j implies that aj = ai for all j. 

To prove (m), note that 71 = -e and 7^ = -{e+ipp_j+i-\ hV'p-i+V'p+iH \-'4'p+j-i), 

j ^ P- So the only compact simple roots whose coefficients are non-zero in the 
expression of X]i<i<j 7«(i > 1) i'i ~ J + 1 < < P + j — 1, 7^ p)- Note that 

Ei<i<j 7i = -(^p-i+i + --- + ep- Ep+i Ep+j). Hence (Ei<i<j 7i, ^i) = for all 

p — j + l<i<p + j — I, ij^p. 

Case D IIL (so*(2p), u{p)),p > 4. The simple roots are ipi = Ei — ^j+i, 1 < i < p — 1 and 
ipp = Ep-i + Ep. In this case the only non-compact simple root e = ipp = Ep-i + Ep] e* = 
(l/2)(Ei<j<p^j)- The set of non-compact positive roots is A2 = {Ei-\-Ej \ l<i<j<p} 
and r = {7j = -(ep-2j+i + £p-2i+2) I 1 < j < b/2j}- So Ei<j<Lp/2j 7j = -2e* if p is 
even. On the other hand maps e to — e precisely when p is even. 

When p is odd, it is readily seen that J2j ^jlj is not a non-zero multiple of e* since Ei 
does not occur in the sum. 
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To prove (a), note that 71 = -e and 7^ = -{e + 'tpp_2j+i + '2i'p-2j+2-\ \-^i>p-2+i>p-i), 

2 < j < Ip/2\. So the only compact simple roots whose coefficients are non-zero in the 
expression of 'E^i<i<j > 1) are (p - 2j + 1 < i < p - 1). Note that Y.i<i<j li = 
-(ep_2j+i H h £p). Hence (Ei<i<j 1h ^i) = ior all p - 2j + 1 < i < p - 1. 

Case BD I (rank= 2): (so(2, j9),so(2) x so{p)),p > 2. We have e = ipi = si — 82, e* = ei 
and W{ (e) = — e. Now A2 = {^i ± £j | 2 < j < p} U {ei} if p is odd and is equal to 
{£1 ± Ej \ 2 < j < p} a p is even. For any p, T = {71 = -(^i - £2), 72 = -(^^i + £^2)}- 
Clearly 0171 + 0272 = ine* if and only if oi = 02- Since in this case rank is 2 and 
7i + 72 = — 2e*, (ii) is obvious. 

Case C I: (5p(p, R), u(p)),p > 3. The simple roots are ipi — Si — £j+i, 1 < i < p — 1 and 
ipp = 2ep. We have e = 2ep,e* — X^KjXp^i? "^li^) = ^1^° A2 = {si + Ej \ 1 < 
i<j< p}- Therefore T = {7^- := -2£p_j+i | 1 < j < p}. Evidently Ei<j<p7j = -2e*. 

The converse part is obvious in this case. 

To prove (ii), note that 71 = — e and 7^ = — (e + 2ipp_j_^i + • • • + 2ipp_i), 2 < j < p. 
So the only compact simple roots whose coefficients are non-zero in the expression of 
Ei<i<j7i(i > 1) are^i {p-j + l < i < Note that Ei<i<j7i = -2(£p-j+i + - • •+£p). 

Hence (Ei<i<i 7i, ^i) = for all p - j + 1 < i < p - 1. 

Case E III: (e6,-i4,so(10) ©so(2)). The simple roots are tpi = {l/2){e8 — 6^ — 67 + 61 — e^ — 
£3-£4-£5),'02 = £i + £^2, V'3 = ^2-^1-,'^^ = £3-£^2, V'5 = £4-^3, i>e = £5-^4- In this case 
the rank is 2, e = ■^i = (l/2)(£:8— £^6 — £7+^1— £^2— £^3 — £4 — £5), and e* = (2/3)(£:8— £7 — ^e)- 
We have -w^,{e) = 7^ e- Now A2 = {(l/2)(£8 - £7 - ^6 + Ei<i<5(-1)'^'^^0 I «(0 = 
0, 1, J2i = niod 2}. There are five roots in A_2 which are orthogonal to 71 = — e. 
Among these the highest is 72 = —{l/2){£s — — — Si + 62 + £3 + £4 — £5). Thus 
r = {71, 72}. Now ai7i + 0272 is not a multiple of e* for any Oi, 02 > unless ai — a2 — 0. 

Note that 72 = -(e + ip2 + 2V'3 + 2V'4 + V's), 7i + 72 = -(^s - £7 - £6 - £5)- Hence 
(71 + 72, A) = for aU 2<i< 5. 

Case E VII: {^7-25, ee © so(2)). The simple roots are -01 = (l/2)(£8 — £5 — £7 + £1 — £2 — 

£3 - £4 - £5), ^"2 = ^1 + £2, ^3 = £2- £1, i^4 = £3- £2, = £4- £3, i^a = £5- £4, i'l = 

£6 — £5. In this case rank= 3, e = tpj = Eq — £5,6* = £6 + (l/2)(£8 — £7),W((— e) = e. 

A2 = {£6 - £j,£(i + £j, 1 < J < 5} U {£8 - £7} U {(l/2)(£8 - £7 + £6 + El<i<5(-l)'^'^^i) I 

= 0, 1, = 1 mod 2}. Now r = {71 = £5 - Eq, 72 = -£5 - £&, 73 = £7 - £&} 

and we have 71 + 72 + 73 = — 2e*. The converse part is easily established. 

We have 72 = -(e-F'02 + V'3 + 2'04 + 2V'5 + 2V'6), 71 + 72 = -2£6. Hence (7i + 72,'0j) = 
for all 2 < i < 6. Also 71 + 72 + 73 = — 2e*. So (ii) is proved. □ 

As a coroUory we obtain the following. 

Proposition 6.3. Suppose that Kq/Lq is an irreducible Hermitian symmetric space of 
non-compact type and let Tr-^+pp be a holomorphic discrete series of Kq. If w^{e) = —e, 
then (tt^+pJlo ^■^ ™^ L'q- admissible. Conversely, if a holomorphic discrete series TT^+p^ of 
Kq is not L'q- admissible, then w^{e) = — e. 
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Proof. One has the following description of (vr^+pjio due to Harish-Chandra: (tt^+pJlq = 
®m>QE^ ® 5'™'(u_2)- Suppose that w^{e) = — e. Then by Proposition 16.21 and Schmid's 
theorem 16.11 we see that ® E^at* occurs in (vr^+pjig for infinitely many values of a. 
Since E_^* is one- dimensional, it is trivial as an LQ-representation. Hence (vr^+p, )lo is not 
Lp-admissible. 

Conversely, since vr^+p, is not Lg-admissible, in view of Proposition l3.1l we have. (vt^+pJlq 
is not Lp-admissible. Suppose that Wf{—e) 7^ e. Any Lp-type in (%+p,)lo is of the form 
Ej2aj-yj+K (considered as Lg-module) for some weight k of E^. Since the set of weights 
of E^ is finite, (vr^+p, )lo is not Lq admissible implies 5'*(u_2) is not Lq admissible. If 
^T.o-ji] — ^Y.bj-yj &s Lg-modules, then ~ is a multiple of e*. Proposition 16.21 

implies that aj = bj,l < j < r. □ 

We conclude this section with the following remarks. 

Remark 6.4. Let Gq, Kq be as in §2. Recall from §4 that one has an associated holo- 
morphic discrete series 7r^+p, of = K*.K2. Writing 7 = A + k where A, k are domi- 
nant weights of li, [2 respectively, we have (vr^+pjig = E,^® (vrA+pf;)^!- Therefore vr^+pj 
is Lg-admissible if and only if tta+p ^ is L'^-admissible. Since Ki is simple, and since 
Wj(e) = w°c(e), it follows from the above proposition that vr^+p, is Lq admissible if and 
only ifWf{e) 7^ — e. 

Remark 6.5. Let F be the set of strongly orthogonal roots as in Proposition 16.21 and 
suppose that Wj(e) = — e. Then: 

(i) It follows from the explicit description of F in each case that w['(7j) = 1r+i-j = 
—Wri'Jj), 1 < j < T. In particular —fi G F. 

(ii) For any w in the Weyl group of ([, t), '^^^■p'^i'y) ~ '^(^-yer'^) ~ ~2w(e*) = — 2e*. 

(iii) Note that ||7i|| = ||e||, 1 < z < r. This property holds even without the assumption 
that w^{e) = — e. 

7. Proof of Theorem 11.21 

As in §2, let [Gq, Kq) be a Riemannian symmetric pair which is not Hermitian sym- 
metric and let A"*" be a Borel-de Siebenthal root order. Let {Kq, Lq) be the Hermitian 
symmetric pair where Aq is the positive root system of Lq and Aq U A2 that of Kq. 
Recall that \E'{ = \E' \ {z/} U {e} and = \I' \ {z/} are the set of simple roots of Kq 
and Lq respectively. The non-compact simple root of Kq is e. If w^{e) = — e, then 
w°(A^) = Ao,w°(A2) = A_2 and wy(A(J') = A([,u;y(A2) = A_2, where wy = «. 
Hence Wyi^Q U A2) = Aq U A2. This implies Wy = Id. Also tL'j(e) = — e implies 
W7y(e*) = — e*. Let F = {71, . . . ,7^} C A_2 be the maximal set of strongly orthogonal 
roots obtained as in §6.11 

We begin by establishing the following lemma which will be needed in the proof of 
Theorem 11.21 We shall use the Littelmann's path model [9], [10]. Up to the end of proof 
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of Lemma \7.3\ we shall use the symbols ii,tx\, etc., to denote LS-paths in the sense of 
Littelmann and are not to be confused with discrete series. 

Let A be a dominant integral weight of L Denote by vr^ the LS-path t tX, < t < 1, 
and by V\ the set of all LS-paths of shape A. Recall that the weight of a path vr G "Pa is 
its end point vr(l). Note that w{nx) = 7iw{x) ^ 'Px for any element w in the Weyl group 
of i. One has the Littelmann's path operator fay^a, for a G "^t, having the following 
properties which are relevant for our purposes: 

• Any o" G Pa is of the form a = //(tta) for some monomial // = /^^ o • ■ ■ o /^^ in the root 
operators where ■ ■ ■ , is a sequence of simple roots. (The path tta itself corresponds 
to the empty sequence.) In particular, this holds for a = w{ttx) = vr^(A) for any w in the 
Weyl group of 

• Let 0" G Pa- Then /^(o") (resp. 60,(0")) is either zero or belongs to Vx and has weight 
cr(l) — a (resp. a{l) + a). 

• If TTi * TT2 is the concatenation of the paths 7ri,7r2 where nj are of shapes Xj,j = 1,2, 
then 

r f X _ / fai-n-i) * Ti2 if faiT^i) 7^ and e1{TX2) = for some n>l, . . 

fa[ni * vr2j - I ^ ^^^^^^ otherwise. 

See [ini Lemma 2.7]. 

We denote by Vx (respectively E^,), the finite dimensional irreducible representation of 
t (respectively () with highest weight A (respectively k). If is a {-representation, we 
shall denote by ReS[(\^) its restriction to [. By the Branching Rule [H p. 331], we have 

Res,(Kx.0 = 5^^^(i) (5) 

where the sum is over all LS-paths cr of shape me* which are [-dominant. 

Lemma 7.1. (i) The restriction Resiiyme*) to I of the irreducible ^-representation Vme* 
contains V(m-p)e* ® Cp^* for < p < m. 

(a) Suppose that w^{Ao) = Aq. Then Resi{Vme*) contains Resi{V(m-p)e*) ® C_pe*- 

Proof, (i) Note that vr^e* equals the concatenation 7r(m-p)e* * T^pe* ■ 

Let r be an LS-path of shape (m— p)e* which is [-dominant. Then t = f^^ - ■ ■ faiT!'(m-p)e* 
for some sequence ai, . . . , ctg of simple roots in \&{. Then fai ■ ■ ■ fai (7r{m-p)e*) 7^ for 1 < 

i<q. It follows that fai{T^me') =fa,--- f cA^^ {m-p),* * T^pe*) = fa, ■ ■ ■ f aA^^ {m-p)e*) * 

TTpe* = T*Tip^* since Caii^pe*) = 0. Thus wc see that if r is any [-dominant LS-path of shape 
(m — p)e*, then r * TTp^* is an LS-path of shape me* . It is clear that r * TTp^. is [-dominant. 
Since = -Er(i)+pe* — -^t(i) ® Cpe* and since for any path cr, a * iXp^* = r * TTp^* 

implies o" = r, it follows that ReS|(Kra£.) contains ReS((V(m-p)e*) ® Cp^. in view of (5). 

(ii) Suppose that w^{Aq) = Aq. This is equivalent to the condition that w^{e*) = —e*, 
which in turn is equivalent to the requirement that Vq^* is self-dual as a {-representation 
for all q > 1. Since ReS[(V(m-p)e*) ® Cp^* is contained in Vme*, so is its dual. That is, 
ReS[(V(m-p)e*) ® C_pe* is Contained in ReS[(Kne*)- ^ 
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Lemma 7.2. Let < < ■ ■ ■ < Pi < Po < ""^ be a sequence of integers. Then RestVme* 
contains where n = me* +Pi7i + ■ ■ -Prlr- Moreover, z/Wj(Ao) = Aq, then Ex occurs 
m ReSiVrne* where A = (m - 2po)e* - (Zli<j<T-Pi7r+i-i)- 

Proof. Recall that 71 = — e. Since the 7i are pairwise orthogonal we see that s^^s^. = 
s.y.s^-. Also since •jj G A_2, (e*,7j) = (e*, — e) = — ||e|p/2. As noted in Remark [675l (iii). all 
the 7j have the same length: | |7j| | = | |e| |. Using these facts a straightforward computation 
yields that s^.{e*) = e* + 'Ji,s^-{lj) = 7i f*^^ ^ ^ hj ^ r,i ^ j. Defining p^+i = 0, it 

follows that s-y-^ -57^ (7r(pj-pj+i)e*) =: t^j is the straight-line path of weight {pj—pj+i){e* + 

7i + ■ ■ ■ + 7j) and hence we have fi^{'^(p^-pjj^^)e'') = t^j for a suitable monomial in root 
operators //^ of simple roots of t for all 2 < j < r. So, writing iime* = 7i"p,.e* * T''(pr-i-Pr)e* * 

■ ■■* 7r(p2_p3),* * 7l(^rn-p2)e" We haVC flXT^me') = TT^ * {pr-i-pr)e* * " " " * 'K{p^-p^)e* * Tr(m-p2)e*, in 

view of (4). Clearly /e(vrj) = for all 2 < j < r. Also in view of the Proposition I6.2( ii). if 
the coefficient of a compact simple root a of Mn the expression of J2i<i<j1i is non zero, 
then fai^^j) = 0. Now for a simple root a of i, if is involved in the expression of fi., 
then the coefficient of a in the expression of J2i<i<{j+i) 7« i^ non zero. Hence fai^^j+i) = 
for 2 < J < r — 1. Therefore //a • • • firi'^me*) = T^r * 7i"r-i * • ■ ■ * 7r2 * Hira-piy-, in view of 
(4). Since f^T^j) = for all 2 < j < r and f^^~^^{7^{m-p2)e*) = 7r(p,-p2)(e*-e) * T^{m-pi)e', 
we obtain r := f^^'^^^fi^ . . . //,(vr^e*) = vr^ * ■ ■ ■ * TTg * 7C(p,-p^)(e--e) * '^{m-p^)e', again by 
(4). The break-points and the terminal point of r are Pr(e* + 7i + ■ — h 7r), Pr-i(e* + 7i + 

h 7r-l) +Pr7r, Pr-2(e* + 7l H ^ 7r-2) + Pr-l7r-l + Pr7r , • • • , ^2 (c* + 7l + 72) +P373 + 

h Pr7r,Pi(e* + 7i) + P272 H + Pr7r and me* + pi7i + P272 H h Pr7r- All these 

are [-dominant weights (since > P2 > ■ ■ ■ > > 0) and so we conclude that r is an 
[-dominant LS-path. Hence by the branching rule, -E'me*+pi7i+p272+ - +Pr7r occurs in Vme*- 
Now suppose W( (Ao) = Aq. By Lemma 17.11 we have ResiV^me* contains ResiV^^e* ® 
E{m-po)t*- By what has been proved already ResiV^g^* contains i?poe*+pi7i+p272+---+Pr7r =• 
E. Since Vp^e* is self-dual, Hom(_E, C) is contained in Resil^oe*- The highest weight 
of Hom(E, C) is -poe* - Zli<j<rPi^°(7i) = -Po^* - Pilr - P2lr-i + ■ ■ ■ - pr7i using 
Remark l6.5( i). Tensoring with E(^m-po)e'' we conclude that Ex occurs in ResiKn^* with 

A = (m - 2po)e* - Prji - Pr-ll2 P27r-1 - Pllv □ 

Write 7 = 7o + te* with (70, /i) = 0. Then 70 is {-integral weight and t is an integer 
(7 being a {-integral weight). Also 7 is l-dominant implies that 70 is [-dominant. Since 
(7 + P{, /i) < 0, we have t < — 2(p(, |e| p. Assuming w^{e) = —e, we get (wy(7o), a) > 
when a is in Aq and (1^^(70), e) = 0. So wri'yo) is t-dominant integral weight. 

Lemma 7.3. With the above notation, suppose that w^{e) = — e and that Er is a subrep- 
resentation of ResiiVme*)- Then E^^^^^^ir) is a subrepresentation 0/ i2eS[(\4,y(^o)+me*)■ 
Proo/. Let TT denote the path 'n'me**'^WY('yo)- Then /m(7r) is contained in the dominant Weyl 
chamber (of t) and 7r(l) = (70) + me*. Since E^. is contained in ReS|(Kne*), there exist 
a sequence ai, . . . , of simple roots of { such that fai--- fakij^me*) ='■ V is [-dominant 
path with 77(1) = T. Since T^wyi-ro) i^ t-dominant path, := f^^ . . . fakij^) = rj * 7r^y(^Q), in 
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view of (4). Clearly 9 is [-dominant and 9(1) = r + wy(7o). Hence by the branching rule 
[ini p. 501], £"^^(^0)+^ occurs in ReS((K,y(7o)+meO- 

Let : Kq — )■ GL{Vxo) be the representation, where Aq := Wy(7o) + me*. Then 
:= rf$ : *o — > End{Vx^^). For k e Kq and X G ?o, we have 

<I>(A;~^) o 0(X) o $(A;) = 0(Arf(A;-i)X) (6) 

Let V G Vaq is a weight vector of weight A := Wy(7o) + t such that it is a highest weight 
vector of Ex- Now wy = {Ad{k)\ii^)* for some k G Nxo{Tq). Then is a weight vector 

of weight u'y(A) and it is killed by all root vectors Xa (a G A^), in view of (6); since 
wy{Aq) = Aq. Hence is a highest weight vector of an irreducible Lq- submodule 

of ReS[(Vxo)- Therefore E^yW = -^7o+w(t-) occurs in ReS[(Vxo)- ^ 

We are now ready to prove Theorem 11.21 
Proof of Theorem M.B, Write 7 = 7o + ^e* where (70, /^) = 0. 
We have 

(vT^+pJlo = ^7 ® S*{u-2) = ©(£7 ® ^ai7i + -+a.7r) 

where the sum is over all integers ai > ■ ■ ■ > > 0. (In view of Theorem 16.11) . 
So (vt^+pJlo contains for all integers ai > ■ ■ ■ > a,. > 0. 

Let > 1 be the least integer such that 5''^(u_i) has one-dimensional Lo-subrepresentation, 
which is necessarily of the form Eg^* for some g < 0. Now (vr^+p^, )ko contains Q)j>oH'^{Y; E^+jg^.), 
by Theorem 12.11 By Borel-Weil-Bott theorem, H^{Y;K.y+jq^*) is an irreducible finite di- 
mensional ii'o-representation with highest weight wy (7 + jge* + pj.) — pt = wy (70) + (— t — 
jq—c)e* since (e*) = — e*, where X];ggA2 ~ '^^* some c G N. Define := —t—jq—c 
for all j > 0. For < < ■ ■ ■ < Pi < "^j, -Emj£*+pi7i+ - +pr7r is a subrepresentation of 
ReS((Kri^.£.), in view of Lemma [7[2l So by Lemma [773| i?^o_m^.e*-pi7r Pr7i is a subrep- 
resentation of ReS{(Vu,y(^Q)+mje*) since iyy(7j) = —'jr+i-j, for all 1 < j < r by Remark 
I6.5( i). Now H^(Y; E^+jg^*) is isomorphic to VwY{'yo)+mje* ■ So, for < pr <■■■< pi < mj, 
-E'7o-m,£'-pi7r Pr7i is a Lo-submodule of E^+j,,*). 

Fix cti > ■ ■ ■ > Or > 0, where ai, . . . , G Z. In view of Remarks I2.3( i) and 12.51 q is 
odd when c is odd. Let N' = {j G + c)is even}. There exists jo ^ N such that for 

all j G N' with j > jo, —{jq + c)/2 > ai. Define Pr+i-i '■= —{jq + c)/2 — a^, 1 < i < r. 
Then < pr < ■ ■ ■ < pi < mj. 

Now Ei<i<rmr+i-i = Ei<i<rPr+i-i7. = Ei<»<r(-«i " (j9 + c)/2)7i = {jq + c)e* - 
J2i<i<r^i'yi i^ view of Proposition I6.2( i). since w^{e) = —e by hypothesis. It follows that 
7o-mje*-X;i<i<rPi7r+i-* = 7+Ei<i<r "-ili- So for all j G N' with j > jo, £7+ai7i+ -+a,7. 
is an Lo-submodule of H''^{Y;K.y+jq^*). That is, for all integers cii > ■ ■ ■ > cir > 0, the 
Lo-type E^+ai'n+---+ar'rr occurs in vr^+p^, with infinite multiplicity. 

In particular, if 7 = tu*, each Lo-type in vr^+pj occurs in vr^+p„ with infinite multiplicity. 
This completes the proof. □ 



24 



PAMPA PAUL, K. N. RAGHAVAN, AND PARAMESWARAN SANKARAN 



8. Appendix 

We briefly give a description of Partliasaratliy's p2] results on construction of certain 
unitarizable (g, ii'o)- modules and explain how to obtain the description of Borel-de Sieben- 
thal discrete series due to 0rsted and Wolf as Borel-de Siebenthal discrete series are not 
explicitly treated in [T2] . 

Let Go be a non-compact real semisimple Lie group Go with finite centre and let Ko be a 
maximal compact subgroup of Gq. Assume that Go contains a compact Cartan subgroup 
To C Kq. Let P be a positive root system of (g, t) and let p+ (resp. p_) equal J^Qa 
where the sum is over positive (respectively negative) non-compact roots. Suppose that 
[p+, [p+, p+]] = 0. Let B denote the Borel subgroup of = Kq such that Lie{B) = t©^ Sa 
where the sum is over positive compact roots. Let and P„ denote the set of compact 
and non-compact roots in P respectively. 

Write p = (1/2) J2aeP ^ '^t^ longest element of the Weyl groups of i. and g 

with respect to the positive systems Pt and P respectively. Let A be the highest weight of 
an irreducible representation of Kq such that the following "regularity" conditions hold: 
(i) X + p is dominant for g, and, (ii) H^{K/B; A^(p-) ® I^x+2p) = for all < j < c?, < 
q < dimp_ where d := dime K/B and denotes the holomorphic line bundle over K/B 
associated to a character w of T extended to a character of B in the usual way. From [6l 
Lemma 9.1] we see that condition (ii) holds for A since [p+, [p+,p+]] = 0. Parthasarathy 
shows that the t-module structure on Q)m>oH'^{K/ B]'Lx+2p ® 5'™(p+)) extends to a g- 
module structure which is unitarizable. 

Suppose that A -|- p is regular dominant for g so that condition (i) holds. Then, the 
g-module ®m>oH''-{K / B;lax+2p ® S^{.P+)) is the f^o-finite part of a discrete series repre- 
sentation TT with Harish-Chandra parameter \ + p and Harish- Chandra root order P. The 
Blattner parameter is A -|- 2p„. See [121 P-3-4]. 

Now start with a Borel-de Siebenthal positive system A"*" where Go is further assumed 
to be simply-connected and simple. Assume also that Gq/Kq is not Hermitian symmetric. 
The Harish-Chandra root order for the Borel-de Siebenthal discrete series vr^+p^ is U 
A_i U A_2- The Blattner parameter for n-y+p^ is 7 -|- Thus, setting P : = 

Aq U A_i U A_2, we have P„ = A_i, p+ = u_i and [p+, [p+, p+]] = holds. 

Finally, we have the isomorphism [121 equation (9.20)] 

H\K/B; La+2p ® §"(?+)) = H'{Y; Ex+2p„ ® ® §"(?+)) 

of i^'-representations where n = X]/3ga_2 f^- Note that is the canonical line bundle of 
Y. From Parthasarathy's description of the i^o-finite part of the discrete series vta+p and 
using the above isomorphism we have 

{nx+,)Ko = ®m>oH%K/B;hx+2p®S"'ip+)) 

= (B„^>oH'{Y; Ea+2p„ ® ® §"(?+)) 

= (B^>oH'{Y; Ea+2p„+. ® §"(?+)) 

= ©„>oi/^(F;E^®§-(u_i)) 
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where 7 := A + 2p„ + fi;. Note that 7 + Pg = A + 2p„ + K + pg = A + p. Therefore, by [TT], the 
module in the last line is the /To-finite part of vr^+p^, • Hence we see that Parthasarathy's 
description of {h^^pJkq agrees with that of 0rsted and Wolf. 

Acknowledgments: The authors thank Prof. R. Parthasarathy for bringing to our 
notice his paper [12j. 
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